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Abstract
Due to Klein tunneling in graphene only quasi-bound states are realized in graphene quantum
dots by electrostatic gating. Particles in the quasi-bound states are trapped inside the dot for a
finite time and they keep bouncing back and forth till they find their way out. Here we study the
effect of an induced gap on the scattering problem of Dirac electrons on a circular electrostatically
confined quantum dot. Introducing an energy gap inside the quantum dot enables us to distinguish
three scattering regimes instead of two in the case of gapless graphene quantum dot. We will focus
on these regimes and analyze the scattering efficiency as a function of the electron energy, the dot
radius and the energy gap. Moreover, we will discuss how the system parameters can affect the
scattering resonances inside the dot.
PACS numbers: 81.05.ue, 81.07.Ta, 73.22.Pr
Keywords: Graphene, circular quantum dot, scattering, energy gap.
∗a.jellal@ucd.ac.ma
1 Introduction
Graphene [1] is a material consisting of a single atomic layer of carbon in sp2 hybridization. It can be
viewed either as a single layer of graphite or an unrolled nanotube. Specifically the electronic properties
of graphene are extraordinary. This is why graphene has attracted a lot of interest in fundamental
physics for its possible technological applications [1–5]. Graphene can provide a good platform for the
study of the electronic properties of a pure two-dimensional system. In graphene the quasi-particles
(low-energy excitations) close to the Dirac nodal points behave like mass-less relativistic Dirac fermions
with a linear energy dispersion. In addition, graphene presents a variety of exotic electronic properties
like electronhole symmetry [2], Klein tunneling [6] and anomalous quantum Hall effect [7].
The equation describing the electronic excitations in graphene is formally similar to the Dirac
equation for massless fermions, which travel at a speed of the order of vF ≈ 106ms−1 [8, 9]. As
a consequence of the pseudo-relativistic dynamics, the massless Dirac fermions have an additional
pseudospin degree of freedom. That is the perfect transmission through arbitrarily high and wide
rectangular potential barriers or n−p junctions at normal incidence. Unfortunately, the Dirac fermions
cannot be confined by electro-static potentials. This is due the Klein tunneling effect [6] and the
absence of the gap in the energy spectrum. Thus the realization of the quantum dots is needed
to overcome such situation. Recently, alternative strategies have been proposed to confine charged
particles by using thin single-layer graphene strips [10,11] or nonuniformmagnetic fields [12]. Graphene
quantum dots [11, 13, 14] have been recently extensively discussed theoretically as well as from the
experimental side [15–20]. It have been studied as potential hosts for spin qubits [21,22], single gate-
defined dots [23]. In addition, multiple dots arranged in corrals [22] have been used to model the
scattering of Dirac electron waves by impurities or metallic islands placed on a graphene sheet.
Different experimental methods are available to open a gap in graphene band structure, called the
Dirac gap [3]. As demonstrated in the experiment, the maximum energy gap could be 260meV due to
the sublattice symmetry breaking [24]. It is important to note that the value of the energy gap changes
by changing the experimental technique. One of the experimental methods used to open a gap has
been demonstrated by controlling the structure of the interface between graphene and ruthenium [25].
Moreover, in graphene grown epitaxially on a SiC substrate an energy gap has been measured [24]. In
addition, it has been demonstrated theoretically that an energy gap can be opened by the application
of a local strain and/or a chemical methods [3, 26–28].
We study the electron propagation in a circular electrostatically defined quantum dot in monolayer
graphene in the presence of an energy gap inside the dot. We identify different scattering regimes
depending on the radius, potential and Dirac gap of the dot as well as the electron energy. Then, we
determine the scattering coefficients as well as the radial component of the corresponding reflected
current. Subsequently, we study the scattering efficiency Q, which is defined as the scattering cross
section divided by the geometric cross section of a plane Dirac electron wave hitting on a quantum
dot in graphene. The main characteristics of these quantities will be studied in terms of the physical
parameter of our system.
The present paper is organized as follows. In section 2, we present a theoretical study of propaga-
tion wave plane of electron in a circular quantum dot of monolayer graphene. We give the solutions of
the spinors of the Dirac equation corresponding to each region of different scattering parameters. We
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use the continuity of the wave functions at the boundary of the dot in order to calculate the scattering
coefficients. In section 3, we analyze the scattering efficiency, square modulus of the scattering coef-
ficients and radial component of the far-field. We numerically discuss our results by giving different
illustrations. Finally, we close our work by summarizing the main obtained results.
2 Theoretical model
For a Dirac electron in a circular electrostatically defined quantum dot in monolayer graphene with
gap ∆(r), the single-valley Hamiltonian, in the unit system (~ = vF = 1), can be written as
H = −i~∇ · ~σ + V (r)1+∆(r)σz (1)
where ~σ = (σx, σy, σz) are the Pauli matrices and 1 is the 2 × 2 unit matrix. The applied bias V (r)
and ∆(r) are given by
V (r) =
{
0, r > R
V, r ≤ R , ∆(r) =
{
0, r > R
∆, r ≤ R (2)
and R is the quantum dot radius as depicted schematically in Figure 1:
E V
2D
Ψi Ψt
ΨrR
Figure 1: Sketch of Dirac electron scattering for a low energy at a graphene quantum dot in the presence
of a gap ∆. The quantum dots are defined electrostatically by applying a constant bias V . For E < V −∆,
the incident ψi and reflected ψr electron waves reside in the conduction band, while the transmitted ψt
wave inside the dot corresponds to a state in the valence band.
The geometry presented in Figure 1 suggests to map the system Hamiltonian (1) in the polar
coordinates (r, φ) as
H =

 V+ e−iφ
(
−i ∂
∂r
− 1
r
∂
∂φ
)
eiφ
(
−i ∂
∂r
+ 1
r
∂
∂φ
)
V−

 (3)
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where we have defined V± = V ±∆. One can easily check that H commutes with the total momentum
operator Jz = Lz +
1
2σz, as consequence the eigenspinors can be chosen to be eigenstates of Jz and
therefore they are separated into radial R±(r) and angular χ(φ±) parts
ψm(r, φ) =
(
R+m(r)χ
+
m(φ)
R−m+1(r)χ
−
m+1(φ)
)
(4)
with the eigensates
χ+(φ) =
eimφ√
2π
(
1
0
)
, χ−(φ) =
ei(m+1)φ√
2π
(
0
1
)
(5)
and m = 0,±1,±2, · · · , being the orbital angular momentum quantum number.
In order to get the solutions of the energy spectrum, we have to solve the eigenvalue problem
Hψm(r, φ) = Eψm(r, φ) by considering two regions according to Figure 1: outside (r > R) and inside
(r ≤ R) the quantum dot. Thus we have an incident wave propagation in the x direction, the reflected
wave is an outgoing wave and a transmitted wave inside the quantum dot. Indeed, for r > R, we show
that the radial parts R+m(r) and R
−
m+1(r) satisfy two coupled differential equations
−i ∂
∂r
R+m(r) + i
m
r
R+m(r) = ER
−
m+1(r) (6)
−i ∂
∂r
R−m+1(r)− i
m+ 1
r
R−m+1(r) = ER
+
m(r) (7)
giving rise the second differential equation for R+m(r)(
r2
∂2
∂2r
+ r
∂
∂r
+ r2E2 −m2
)
R+m(r) = 0 (8)
which having the Bessel functions Jm(Er) as solution. Recalling that, we can expand the incident
plane wave as
ψi(r, φ) =
eikx√
2
(
1
1
)
=
1√
2
eikr cosφ
(
1
1
)
=
1√
2
∑
m
imJm(kr)e
imφ
(
1
1
)
. (9)
Using (5), to write the incident spinor as
ψi(r, φ) =
√
π
∑
m
im+1
[
−iJm(kr) 1√
2π
eimφ
(
1
0
)
+ Jm+1(kr)
1√
2π
ei(m+1)φ
(
0
1
)]
(10)
as well as the reflected one
ψr(r, φ) =
√
π
∑
m
im+1am
[
−iH(1)m (kr)
1√
2π
eimφ
(
1
0
)
+H
(1)
m+1(kr)
1√
2π
ei(m+1)φ
(
0
1
)]
(11)
where H
(1)
m (kr) are the Hankel function of the first kind, am are the scattering coefficients and the
wave number k = E. Now for the second case r ≤ R, we have
−i
(
∂
∂r
− m
r
)
R+m(r) = (E − V−)R−m+1(r) (12)
−i
(
∂
∂r
+
m+ 1
r
)
R−m+1(r) = (E − V+)R+m(r) (13)
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which allow to obtain (
r2
∂2
∂2r
+ r
∂
∂r
+ r2η2 −m2
)
R+m(r) = 0 (14)
where we have set η2 = (E − V )2 −∆2. This gives the transmitted spinor as
ψt(r, φ) =
√
π
∑
m
im+1bm
[
−iJm(ηr) 1√
2π
eimφ
(
1
0
)
+ µJm+1(ηr)
1√
2π
ei(m+1)φ
(
0
1
)]
(15)
with µ =
√
E−V+
E−V−
and bm are the scattering coefficients. Later on, we will see the above results can
be used to to study the scattering of Dirac electrons in our system.
3 Scattering problem
To study the scattering problem of our system, we need first to determine the scattering coefficients
am and bm. This can be done by requiring the eigenspinors continuity at the boundary r = R,
ψi(R) + ψr(R) = ψt(R), to end up with two conditions
Jm(kR) + amH
(1)(kR) = bmJm(ηR) (16)
Jm+1(kR) + amH
(1)
m+1(kR) = µbmJm+1(ηR) (17)
which can be solved to obtain am and bm
am =
−Jm(ηR)Jm+1(kR) + µJm+1(ηR)Jm(kR)
Jm(ηR)H
(1)
m+1(kR)− µJm+1(ηR)H(1)m (kR)
(18)
bm =
Jm(kR)H
(1)
m+1(kR)− Jm+1(kR)H(1)m (kR)
Jm(ηR)H
(1)
m+1(kR)− µJm+1(ηR)H(1)m (kR)
. (19)
According to the Hamiltonian (1), the component of the current density is ~j = ψ†~σψ where inside
the quantum dot ψ = ψt and outside ψ = ψi + ψr. The radial component of the current reads as
jr = ~j · ~er = ψ† (σx cosφ+ σy sinφ)ψ (20)
or equivalently
jr = ψ
†
(
0 cosφ− i sinφ
cosφ+ i sinφ 0
)
ψ. (21)
Thus, the radial current for the reflected wave takes the form
jrr =
1
2
m=∞∑
m=0
Am(kr)
(
0 e−iφ
e−iφ 0
)
m=∞∑
m=0
Bm(kr) (22)
where different coefficients are given by
Am(kr) = (−i)m+1
[
iH(1)∗m (kr)
(
a∗me
−imφ, a∗
−(m+1)e
imφ
)
(23)
+ H
(1)∗
m+1(kr)
(
a∗
−(m+1)e
i(m+1)φ, a∗me
−i(m+1)φ
)]
Bm(kr) = i
m+1
[
−iH(1)m (kr)
(
ame
imφ
a−(m+1)e
−imφ
)
+H
(1)
m+1(kr)
(
a−(m+1)e
−i(m+1)φ
ame
i(m+1)φ
)]
. (24)
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The asymptotic behavior of the Hankel function of the first kind for kr ≫ 1, gives the approximate
function
Hm(kr) ≃
√
2
πkr
ei(kr−
mpi
2
−pi
4 ) (25)
leads to a reduced form of (22)
jrr (φ) =
4
kπr
m=∞∑
m=0
|cm|2 [cos(2m+ 1)φ+ 1] (26)
where we have defined |cm|2 = 12(|am|2 + |a−(m+1)|2). This reflected current density will be used to
determine two interesting quantities.
Let us investigate some interesting quantities related to our system and underline their basic
features. Indeed we can use (26) in the limit kr −→ ∞ to calculate the scattering cross section σ
defined by
σ = Irr/(I
i/Au) (27)
where Irr is the total reflected flux through a concentric circle and I
i/Au is the incident flux per unit
area. From our results, we show that Irr takes the form
Irr =
∫ 2pi
0
Jrr (φ)rdφ =
8
k
m=∞∑
m=0
|cm|2 (28)
while for the incident wave (9), we end up with Ii/Au = 1. To go deeply in our study for the
scattering problem for a plane Dirac electron for different size of the circular quantum dot, we analyze
the scattering efficiency Q. This is given as the ratio between the scattering cross section and the
geometric cross section
Q =
σ
2R
=
4
kR
m=∞∑
m=0
|cm|2. (29)
Having settled the scattering efficiency and the radial current, we proceed next to numerically
compute these quantities in terms of different physical parameters of our system. This will help us to
understand the effect of the energy gap and the dot radius on the scattering in the quantum dot.
4 Results and discussions
To allow for a suitable interpretation of the scattering cross section we have defined the scattering
efficiency Q, which will be numerically computed under various conditions. Before doing so, we define
different scattering regimes. Indeed, according to the electron energy E being less or above V±, we
define three regimes refereed to E < V−, V− < E < V+ and V+ < E. Note that, the second regime is
a consequence of the introduction of an energy gap inside the dot. This is in contrast with the case of
gapless graphene quantum dot [29] where there is only two regimes.
Numerical results for the scattering efficiency Q versus the quantum dot radius R for different
values of the incident energy E, with some choices of the potential height V and the energy gap ∆,
are shown in Figure 2 for three different scattering regimes. Figure 2(a) corresponds to E < V−, in
this regime the region outside the dot of radius R contains electrons in the conduction band, whereas
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the region inside the dot contains holes in the valence band where there is only evanescent waves.
From this Figure, it is clearly seen that, for small energy, when R is small (close to 0), Q is still
null. By increasing the dot radius, Q shows an oscillatory behavior where the amplitude decreases
by increasing R and sharp peaks emerge. However, by increasing E the oscillations become relatively
smooth. Moreover, the scattering resonances appear, which are due to the excitation of normal modes
in the quantum dot. We present in Figure 2(b) the scattering efficiency Q versus the quantum dot
radius R for the electronic state inside the quantum dot around the Dirac point where V− < E < V+.
We observe that when the dot radius is close to 0, Q is null. Note that in this regime there are no
available states inside the dot. In addition, by increasing R, the scattering efficiency Q increase almost
linearly up to a specific value of R above which an oscillatory behavior sets in. The amplitude of the
oscillations decreases by increasing E. However, for larger R these oscillations are relatively damped.
For the third regime, the results are shown in Figure 2(c) where the regions outside and inside the
dot have electrons in the conduction band. From this Figure, we can see clearly that when R is close
to zero the results are similar to those corresponding to V− < E < V+. But, by increasing R and for
the three values of the energy, the three curves are superimposed and increase linearly up to a specific
value of R then Q shows an oscillatory behavior. The amplitude of the oscillations depends on the
values of the energy E, it increases as long as E increased.
Figure 2: Scattering efficiency Q versus the quantum dot radius R for different values of the incident
energy E, with the potential V = 1 and gap ∆ = 0.2. (a): E < V−, (b): V− < E < V+, (c): V+ < E.
Figure 3: Scattering efficiency Q versus the energy E of the incident electron for different size of the
quantum dot radius R, with ∆ = 0.2 and V = 1. (a): R = 2, 3, 5, (b): R = 5.75, 6.25, 7.75.
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To further analyze the scattering in the three regimes, we plot in Figure 3 the scattering efficiency
Q as function of incident energy E for different size of the quantum dot radius R. In the first regime
(E < V−), we can clearly see that for small values of R, Q is zero for E = 0 and by increasing
E, Q shows broad maxima. The maximum of Q decreases as long as R is increased. However for
large R, Q also show broad maxima and we observe the appearance of peaks emerging with damped
oscillations. These sharp peaks are due to the resonant excitation of normal modes of the quantum
dot, which are presents even if ∆ = 0 [29]. The results for the second regime (V− < E < V+)
are shown in the inset of Figure 3 where Q shows an oscillatory behavior with small amplitude. In
the third regime, we show that the oscillations are damped and Q remains constant even if E increases.
Figure 4: Scattering efficiency Q versus the energy E of the incident electron for different values of the
potential height (V = 0.1, 0.2, 0.3, 0.4, 0.5) with ∆ = 0.2 and R = 3.
In order to show how the potential V affects the scattering efficiency, we plot in Figure 4 Q as
function of the energy for different values of the potential V with ∆ = 0.2 and R = 3. By increasing
E, Q shows broad maxima, which depend on the value of V . In fact, by increasing V , the maxima
increase. For large values of E, Q undergoes an almost linear increase, specially when E > V +∆.
Figure 5: Scattering efficiency Q versus the energy E of the incident electron for different values of the
gap (∆ = 0.1, 0.3, 0.5, 0.7) with V = 1 and R = 2.
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Figure 5 shows the scattering efficiency Q as a function of the energy E. It has been performed
using V = 1, R = 2 and taking different values for the gap (∆ = 0.1, 0.3, 0.5, 0.7). We notice that
for E = 0, Q is zero whatever the values of ∆ and R. By increasing E, Q increases until it reaches a
maximum value with different amplitudes, then decreases to a minimum value and starts to increase
again. By increasing ∆, we observe that the maxima decrease and when E > V + ∆ Q remains
constant even if the energy E increases.
Figure 6: Square modulus of the scattering coefficients |cm|2 for m = 0, 1, 2, 3 versus the energy E, with
V = 1, ∆ = 0.2 and for six values of the quantum dot radius R: R = 2 panel (a), R = 4 panel (b), R = 5
panel (c), R = 6 panel (d), R = 7 panel (e) and R = 7.75 panel (f).
In Figure 6, we plot the square modulus of the scattering coefficients |cm|2 for m = 0, 1, 2, 3 as
function of the energy E, for V = 1, ∆ = 0.2 with (a): R = 2, (b): R = 4, (c): R = 5, (d): R = 6,
(e): R = 7, (f): R = 7.75. From these Figures, we observe that for zero or close to zero energy all
scattering coefficients are zero except the one corresponding to m = 0. By increasing E, we can clearly
observe the contribution of the scattering coefficients of higher orders i.e. m = 1, 2, 3. By increasing
E, |cm|2 restores an oscillatory behavior. As compared to the results for zero gap [29], we notice that
the presence of an gap increases the number of oscillations. Moreover, one can see that for some values
of E, |cm|2 presents sharp peaks. These resonances associated with normal modes of the quantum dot
lead to the existence of sharp peaks in Figure 3, which is similar to that observed for zero gap [29].
The current is defined by j = ψ†σψ, where ψ = ψi + ψr outside and ψ = ψt inside the gated dot
region. As a result of that the far-field radial component of the reflected current jrr (φ) characterizes
the angular scattering is given by
jrr (φ) ∼ |cm|2 [cos ((2m+ 1)φ) + 1] . (30)
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Figure 7: Radial component of the far-field scattered current jrr as a function of the angle φ for ∆ = 0.2
and V = 1. (a): E = 0.0704 and R = 3, (b): E = 0.484 and R = 4, (c): E = 0.67 and R = 7.75, (d):
E = 0.99 and R = 6.25.
In Figure 7, we plot the angular characteristic of the reflected radial component as a function of
the angle φ. It shows that only forward scattering is preferred (no backscattering) when ϕ = ±π.
In addition, for the mode c0 (panel (a)) only forward scattering is favored. While for higher modes
more preferred scattering directions emerge. Thereby, for m = 1 (panel (b)) three preferred scattering
directions. However, for m = 2 (panel (c)) five preferred scattering directions and for m = 3 (panel
(d)) seven preferred scattering directions. In general, each mode has (2m + 1) preferred scattering
directions observable but with different amplitudes. For small electron energies the mode (m = 0) is
relatively broad compared to the sharp resonances of higher modes. Resonant scattering through one
of the normal modes is also reflected in the electron density profile in the vicinity of the quantum dot.
5 Conclusion
We have studied the scattering problem of an electron plane wave on a circular electrostatically
confined quantum dot in monolayer graphene with gap and compared our results with those obtained
for zero gap situation [29]. Different scattering regimes were investigated as a function of the radius
R of the quantum dot, electrostatic potential V , energy gap ∆ and incident electron energy E. We
have found that scattering efficiency Q, for E > V+ increases with increasing R, first almost linearly
up to a specific value of R then showed an oscillatory behavior. The amplitude of the oscillations
increased with increasing E. When V− < E < V+, Q showed the same behavior as for E > V+, but
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the oscillations are relatively damped. However, for E < V−, Q showed an oscillatory behavior where
their amplitudes decrease by increasing R. Moreover, sharp peaks emerge, which were due to the
resonant excitations of the normal modes of the quantum dot.
The scattering efficiency Q was also computed numerically as a function of the energy by choosing
different values of the potential V , quantum dot radius R and gap ∆. We have observed that by
increasing E, Q shows broad maxima, which depend on the value of V. For larger values of E, Q
undergoes an almost linear increase specially when E > V + ∆. However, when E > V + ∆, Q
remains constant even if the energy E increases. It has been seen that the square modulus of Q is
zero in the vicinity of E = 0, except for m = 0 mode. In addition, by increasing the energy the
scattering coefficients shows an oscillatory behavior. For the angular characteristic of the reflected
radial component, we found that each mode has (2m + 1) preferred scattering directions observable
with different amplitudes.
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